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Preface 


The concept of electro-magnetism still needs to be mathematically more improved & simplified to 
make its feasible applications in the field of Physics. Mathematical derivations & formulations of 
Electro-magnetism become essential for its applications in basic & applied Physics & so in the field 
of Engineering. Especially Geometry, calculus, trigonometry have been applied to analyse various 
articles in Electro-magnetism. The learners studying at any level or higher education graduate & 
undergraduate can find it useful to learn the basic & advanced mathematical concepts in Electro- 
magnetism. This academic book especially deals with the Magnetic Field & Magnetic Moment 
produced by rotating electric charge in Electro-magnetism & hence is available as a reference book. 


The author uses the analogy of a uniformly rotating electric charge to the electric current. A point 
electric charge moving with a constant speed along a circular path of certain radius behaves like a 
circular loop of electric current with the same radius, its centre at the point of rotation and its plane 
coincident with the plane of rotation of point charge. If an electric charge is uniformly distributed over 
a line, surface or throughout a solid rotating at a constant angular speed about an axis then every point 
(i.e. differential charge) on that body also rotates in the same direction, at the same angular speed 
about the same axis. The differential amount of electric charge concentrated at a point and rotating at 
a constant angular speed behaves like a circular loop of tiny current generating differential magnetic 
field along the axis of rotation. This concept and analogy is used to derive an analytic master formula 
(also in differential form), using Biot-Savart Law, for further deriving the numerous mathematical 
expressions to analytically compute the strength of magnetic field, at the axis of rotation, generated 
by a point or uniformly distributed electric charge over a straight line, a ring, a disk (lamina), a curved 
surface or throughout a solid body (like cube, cylinder, sphere etc.) rotating with a constant angular 
speed about an axis. The magnetic field generated by a uniformly rotating electric charge is along axis 
of rotation, direction of which is given by Right Hand Rule. 


Easy mathematical derivations, numerical examples & key-points are salient features of the entire 
book. The author thinks that the present edition will be very useful to the learners to develop new skills 
in this subject. Although the best efforts have been made by the author to make this book error free 
still some errors might have crept in. Therefore, all the learners & readers are welcome to give their 
feedback to the author. 


H. C. Rajpoot 
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Interior Files 


1. A positive electric charge Q is uniformly distributed over a straight ay 

line-segment AB (i.e. coincident with X-axis) such that the distances of CSusmeonst. 

its end-points A and B from the origin O area&b(Va<b) respectively ! 

(as shown in fig-4). If it is rotated at a constant angular speed w about 8 
Y-axis (i.e. lying in XY-plane of paper), magnetic field B generated at op... Axeaattth 2 
the origin O (i.e. centre of rotation) is given by following formula (1) eine aa 


vy’ 


Figure 4: A line-segment AB 
p= O8 in(2) vr nee (1) rotating with a constant angular 

speed w about Y-axis in XY 

plane (i.e. the plane of paper) 


The ratio of magnetic dipole moment (M) & angular momentum (J) of an electric charge uniformly 
distributed over a rotating line-segment: Consider an electric charge Q of mass m uniformly distributed over 
a line segment AB of length (b — a) rotating at a constant angular speed w about the centre O (as shown in fig- 
5 above). From above equations (1.1) & (1.2), the ratio of magnetic dipole moment M and angular momentum 
J is given as follows 


(Re us + 2)) 


_ ae +b? + a0)0) ~ 2m 
3 


' 





Above is the standard formula for the ratio of magnetic dipole moment M and angular momentum J of a uniformly 
distributed & rotating electric charge Q of mass . 
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Solved examples based on Mathematical Formula in Electromagnetism 


The directions of magnetic field (B) & magnetic dipole moment (M) are same along the angular velocity vector 
(@) for a positive electric charge but both are opposite to @ for a negative electric charge. The direction of 


angular momentum () is always along the angular velocity vector (@) irrespective of the nature of electric 
charge. The specific formula (as derived above) will be recalled and applied to solve a particular numerical 
problem. Therefore it’s advisable to go through all above formula and derivations for solving the numerical 
questions related to Electromagnetism as given below. 


Q1. Two electric charges +2C & —7C are uniformly distributed over y 

the lengths AC=4cm and BC=8cm respectively of the line AB which 5K tad/sec 
rotates at a constant angular speed 5zrad/sec such that the 

normal distance of its end-point A from the axis of rotation YY’ is 

2cm (As shown in fig-48). Find out the strength of magnetic field (B) caosrne Ce 
at the axis of rotation and the magnetic dipole moment (M). 


Sol. There are two electric charges of opposite nature distributed over 
different lengths of line AB therefore we will compute the magnetic field 
& magnetic dipole moment generated by individual electric charge as y' 


follows Figure 48: Two charges +2C and 
-7C are distributed uniformly 
over the lines AC & BC 
respectively of line AB rotating 
1 to the plane of paper 


The magnetic field |B, | generated by electric charge Q = +2 C uniformly distributed over the line-segment AC 
rotating at a constant angular speed w = 5a rad/sec about axis YY’ such that the normal distances of end- 
points A & C from the axis of rotation YY’ are a= 2cm&b = 6cm respectively (see fig-48) is given from 
formula(1) (as derived above) as follows 





_ Ho OQ n(-) 

47 (b — a) a 
= |B,| =107 oe gf (Substituti ding values) 
1] = (6=2) x10 Pl om ubstituting corresponding values 


|B, | = 2.52 x 10-5 In3 = 8.628 x 10-5 T (collinear with @ ) 


& magnetic dipole moment \M,| of uniformly charged line AC is given by substituting w = 52 rad/sec, Q= 
2C, a=2cm=2x10?m&b = 6cm = 6X 10-7 m in above equation(1.1) as follows 


_ @Q(a? + b? + ab) 





im 6 
—. 5+ 2((2 x 10°)? + (6 x 1077)? + (2 x 10°7)(6 x 10°2)) 
> [M, | = 6 
_.,, 260m x 107+ 2 
=> |M,| = aaa a 0.027227 Am? (collinear with @ ) 
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The magnetic field |B| generated by electric charge Q = —7C uniformly distributed over the line-segment BC 
rotating at a constant angular speed w = 52 rad/sec about axis YY’ such that the normal distances of end- 
points C & B from the axis of rotation YY’ are a = 6cm & b = 14. cm respectively (see above fig-48) is given 
from formula(1) (as derived above) as follows 





Hy @Q (=) 
= 2° __*_Jn(— 
47 (b — a) a 
|B; | = 10-7 = l ee (Substituti di lues) 
> = : 
2 (i4—6) x 102 "\x102 ubstituting corresponding values 


35m x 10-8 In (4) 


|B; | = 5 3/ ~ 11.646 x 10-5 T (opposite to B) 





& magnetic dipole moment |M2| of uniformly charged line BC is given by substituting w = 52 rad/sec, Q= 
7C, a=6cm=6X107*m &b = 14cm = 14 x 10°? m in above equation(1.1) as follows 


_ wQ(a* + b? + ab) 





" 6 
—,  5-7((6 x 10-2)? + (14 x 10-7)? + (6 x 1077) (14 x 1077)) 
= [™,| = 6 
_, 5532x1073 ‘ a 
|M,| =——.—— x 0.5791 Am? (opposite to @ ) 


3 


Now, taking the algebraic sum, the magnetic field |B generated by a uniformly charged line AB at the axis of 
rotation YY’ as follows 


|B| = |B:| — |B2| 
= 8.628 x 10-5 — 11.646 x 10-5 
= —3.018 x 10-5 T 
-. [B| = 3.018 x 10-5 T (opposite to@ ) Ans. 


Similarly, taking the algebraic sum, the magnetic dipole moment |M| of a uniformly charged line AB rotating at 
a constant angular speed as follows 


|| = [Mz | — [M2 
= 0.027227 — 0.5791 
= —0.551873 Am? 


-. |M| = 0.551873 Am? (opposite to @ ) Ans. 
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Q2. An electric charge +15C is uniformly distributed over a 
rectangular lamina ABCD with length & width 10 cm & 6 cm which 


rotates at a constant angular speed = rad/sec about its vertex A 


(As shown in fig-49). Find out the strength of magnetic field (B) at 
the point of rotation and magnetic dipole moment (M). 


@= 25/m rad/sec D 






Big foun ME 


Figure 49: Electric charge +15C is 
distributed uniformly over the 
rectangular lamina ABCD rotating 


at = rad/sec in the plane of paper 


Sol. The magnetic field |B| generated by electric charge Q = +15C 
uniformly distributed over the rectangle ABCD of length 1 = 10cm & width b = 6cm rotating at a constant 


angular speed w = = rad/sec about its vertex A (see fig-49) is given by formula(25) (as derived above for a 


rectangular lamina) as follows 


b l 
B= Hy @Q (i sinh-1 (7) +bsinh"1 (;)) 
TU l b 


4m lb 
25 
|B| = 10-7 (=) a (04 inh-1 (2) + 0.06 i nm (oo )) (Substituti di lues) 
=> |B] = - =~ 0. — : a 
0.1-0.06 sin 01 sin 0.06 ubstituting corresponding values 
|B = 2.664 x 10°*T (collinear with @ ) Ans. 


& magnetic dipole moment |M| of uniformly charged rectangular lamina is given by substituting w 
= rad/sec, Q=15C, l=10cm=0.1m & b = 6cm = 0.06 m in above equation(25.1) as follows 





_ wQ(? +b?) 
_ 6 
25. 15((0.1)2 + (0.06)?) 
| _ I 
= | | a 6 
\M| = 0.27056 Am? (collinear with @ ) Ans. 
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Q3. An electric charge +20C is uniformly distributed over a circular lamina with radius 12 cm which 
rotates at a constant angular speed 7 rad/sec about its centre. Find out the strength of magnetic field 
(B) at the point of rotation and magnetic dipole moment (M). 


Sol. The magnetic field |B| generated by electric charge Q = +20 C uniformly distributed over the circular lamina 
of radius R = 10cm = 0.1m rotating at a constant angular speed w = 7 rad/sec about its centre is given by 
formula (15) (as derived above for a circular lamina) as follows 


Hosted 
2m R 
= 7+ 20 
|B] =2x 1077: ule (Substituting corresponding values) 
|B = 2.8x10-*T (collinear with @ ) Ans. 


& magnetic dipole moment |M| of uniformly charged circular lamina is given by substituting w = 7 rad/sec , 
Q=20C, R=10cm = 0.1m in above equation(15.1) as follows 





wQR? 
M = 
4 
4 “72020472 
=> |M| = —————_ 
ine 
|M| = 0.35 Am? (collinear with @ ) Ans. 


Q4. An electric charge -80 C is uniformly distributed over a spherical surface with radius 20 cm which 
rotates at a constant angular speed 24/n rad/sec about its diametral axis (i.e. passing through the 
centre). Find out the strength of magnetic field (B) at the axis of rotation and magnetic dipole moment 
(M) of the spherical surface. 


Sol. The magnetic field |B| generated by electric charge Q = —50C uniformly distributed over the spherical 
surface of radius R = 20 cm = 0.2 m rotating at a constant angular speed w = 24/2 rad/sec about its diametral 
axis, is given by formula (19) (as derived above for a spherical surface) as follows 


24 
|B| = ee ele (Substituting corresponding values) 
=-—3x 1074 
|B = 300 uT (opposite tow ) Ans. 
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& magnetic dipole moment |M| of uniformly charged spherical surface is given by substituting w = 
24/mrad/sec, Q=-—50C, R =20cm=0.2 m in above equation(19.1) as follows 





wQR? 
M= 
3 


_ _ (Ge) 50) (0.2) 


3 
_ 16 
ane 
|M| = 5.09296 Am? (opposite to @) Ans. 


Q5. An electric charge +96 C is uniformly distributed throughout a solid sphere with radius 180 mm 
which rotates at a constant angular speed 32/1 rad/sec about its axis (i.e. passing through the centre). 
Find out the strength of magnetic field (B) at the axis of rotation and magnetic dipole moment (M) of the 
sphere. 


Sol. The magnetic field \B| generated by electric charge Q = +96C uniformly distributed throughout the solid 
sphere of radius R = 180mm =0.18m rotating at a constant angular speed w = 32/mrad/sec about its 
diametral axis, is given by formula (21) (as derived above for a solid sphere) as follows 


_ 30 08 
16 R 





a) _ 3° 4m x 1077 (=) (96) 


|B| (Substituting corresponding values) 


16 "~~ 0.18 
= 128x107 
|B| = 1.28 mT (collinear with @ ) Ans. 


& magnetic dipole moment {Mi of uniformly charged solid sphere is given by substituting w = 32/mrad/sec , 
Q=96C, R= 180 mm = 0.18 m in above equation(21.1) as follows 





wQR? 
M = 
5 


ee : 
Rl - (=) = (0.18) 





|M| = 6.33645 Am? (collinear with @ ) Ans. 
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Q6. An electric charge +100 C is uniformly distributed over the surface of a cube with each side 30 cm 
which rotates at a constant angular speed 12 rad/sec about the axis passing through the centres of its 
opposite square-faces. Find out the strength of magnetic field (B) at the axis of rotation and magnetic 
dipole moment (M) of the rotating cube. 


Sol. The magnetic field |B| generated by electric charge Q = +100 C uniformly distributed over the surface of a 
cube of edge length a = 30 cm = 0.3m rotating at a constant angular speed w = 12 rad/sec about the axis 
passing through the centres of its opposite faces, is given by formula (26) (as derived above for a cubical 
surface) as follows 





2p WQ 
B= —°—sinh1(1 
ae sinh~*(1) 
_  2:4nx10-7 (12)(100) 
|B| =a — 937 sinh” (1) (Substituting corresponding values) 
|B| = 0.94013 mT (collinear with @ ) Ans. 


& magnetic dipole moment {M| of uniformly charged cubical surface is given by substituting w = 12 rad/sec , 
Q=100C, a= 30cm = 0.3 m in above equation(26.1) as follows 


wes 7 
= 36 waa 


a 5 
= |M| = 3g (12)(100)(0.3)? 


{Mi = 15 Am? (collinear with @ ) Ans. 
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Competitive Questions 
Subjective Questions 


Q1. A point electric charge of magnitude 47r is moving along a unit circle at an angular speed 
(12t? —5t+2) at any time t. Find out the strength of magnetic field (B) at the centre of 
rotation and magnetic dipole moment (M) at time t = 2. 


Q2. A point electric charge of magnitude —2C is moving along a circle x2 + y? — 4x + 3 = Oin 
XY-plane, with an angular velocity (—6t + 5)k rad/sec at time t sec. Find out the direction and 
strength of magnetic field (B) and dipole moment (M) at the point (2,0) at time t = 8 sec. 


(Take dimensions in m & magnetic permeability of vacuum, “, = 47 X 10~7N/A?) 


Q3. A point electric charge of magnitude 377 is moving along a circle of radius 3 units. It has an 
angular acceleration (12t? + 8t) at any time ¢. Find out the strength of magnetic field (B) at 
the centre of rotation and magnetic dipole moment (M) at any time t. Given that the magnetic 
field B and magnetic dipole moment are zero at time t = 0. 


Q4. An electric charge +4C is uniformly distributed over a rectangle defined by x = +4m & 
y = +2m in XY-plane. Now it is rotated about +z-axis CCW at a uniformly increasing angular 
speed from w = 3 rad/sec at t =0sec to w = 9rad/sec at time t = 3 sec. Find out the 
magnetic field (B) at the origin (0,0) and dipole moment (M) at time t = 2 sec. 


Q5. An electric charge +12C is uniformly distributed over an arc defined by x* + y? = 
9m? V x,y => 0 in XY-plane. Now it is rotated CCW from rest (i.e. w = 0 at t = 0) about +z- 
axis at a uniformly increasing angular acceleration a = 8t — 3 rad/sec* with time t. Find out 


magnetic field vector (B) at the origin (0,0) as a function of time ft. 


Q6. An electric charge —6C is uniformly distributed over a plane bounded by = 5x,x =2,& 
y = 0 in XY-plane. This plane is rotated at an angular velocity wo = (2t + 10)k rad/sec at time 
t. Find out magnetic field vector (B) at the origin (0,0) at time t = 100 sec. (Take MKS) 


Q7. An electric charge +20C is uniformly distributed over all 15 equal sides, each of 20 cm, of 
a regular polygon with centre at the origin & lying in XY-plane . This polygon is rotated about 
its centre at an angular velocity w = (t? + 2)k rad/sec at time t. Find out magnetic field (B) & 
magnetic dipole moment (M) at the centre of polygon at time t = 30 sec. 


Q8. An electric charge +5C is uniformly distributed over a plane bounded by x? + y? — 4x + 
6y —12 =0 & x* + y* —4x+ 6y — 36 = 0 in XY-plane. This plane is rotated about a point 
(2, —3) at an angular velocity w = (2t? + 3)k rad/sec at time t. Find out the rate of change of 


magnetic field (=) & dipole moment (=) at point (2,-3) at time t = 15 sec. (Take MKS) 
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Multiple Choice Questions 


Q1. An equal amount of electric charge is uniformly distributed over a circle and a circular arc 
each of equal radius. Now, both the circle and circular arcs are rotated uniformly about their 
centres at an equal angular speed in their planes. If Bi and Bz are the magnetic field vectors at 
the centres of circle and circular arc respectively then 


a) || > [Be] ——-») [Br] = [Ba c) [Bil < [Bal d) none 


Q2. An electric charge Q units is uniformly distributed over a line segment joining the points 
(2,4) & (6,12). This segment is rotated uniformly about the origin (0,0) in XY-plane at an 
angular speed @ such that its orientation does not change. The magnitudes of magnetic field & 
dipole moment at origin are respectively 


eee ts 130wWQ yee 130wWQ a 130wWQ jae es 130wQ 
16mV5 ” 7 1872/5 ” 7 16mV5 ” 3 1827/5 ” 3 








Q3. A unit electric charge is uniformly distributed over all the sides, each of 2 units, of a regular 
octagon which is rotating at a constant angular speed w about its centre in its plane. The 
magnitudes of magnetic field & dipole moment at the centre are respectively 


Howsinh1(V2-1) (5+3V2)o b) Howsinh-1(V2+1) (5+3V2)o c) Howsinh-1(vy2+1) (5-3V2)o 


a) 
AT 3 Al 3 AT 4 
Howsinh1(¥2-1) (5-3v2)w 
oer rere 
TT 4 


Q4. An electric charge of 2 units is uniformly distributed over a rectangle of length 15 units and 
width 5 units. The rectangle is rotated at a constant angular speed of 5 units about its centre in 
its plane. The magnitudes of magnetic field & dipole moment at the centre are respectively 


a) #{sinh-1(3) — sinh? (=)}, b) #2{sinh1(3) + sinh*(2)}, 222 
C) He | sinh-*(3) — sinh“? (=), = d) te fsinh-1(3) fe ee (=)t, ae 


Q5. A unit electric charge is uniformly distributed over a unit circle which is rotating with a 
time dependent angular acceleration of at + b (V a,b > 0) about its centre in its plane. If the 
circle is at rest at time t = 0, the magnetic field & dipole moment at the centre are respectively 




















Lo (a at*+2bt p) He (sr) at?+2bt c) He (see) at?+2bt 
4m 2 ‘ 4 4m 4 : 2 An 2 : 2 
Uo (at?+2bt\ at*+2bt 

d) —(———_]), ———_- 
An 4 4 
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Q6. A unit electric charge is uniformly distributed over the curved surface of a circular cylinder 
of unit radius & finite length. Cylindrical surface is open at both the ends & is rotating with a 
time dependent angular speed of pt? — qt?(V p >q > 0) about its longitudinal axis. The 
magnetic field & dipole moment at t = 2 on the axis are respectively 


a) = (2p — 4), 8p — 4q b) (2p —q), 4p — 2q c) “(2p —q), 4p — 2q 
d) (2p —q), 8p — 4q 


Q7. An electric charge of 2 units is uniformly distributed over the surface of a unit sphere 
rotating with a time dependent angular acceleration of 3t? — t + 2 about its diametral axis. The 
rate of change of magnetic field & dipole moment at t = 1 on the axis are respectively 


4 4 8 8 
a) Aly 13 b) 3Ho 3 c) 2Uo 3 d) Ho» 3 e) none 


Q8. A unit electric charge is uniformly distributed throughout a solid cylinder of unit radius & 
finite length, initially at rest, rotating with a time dependent angular acceleration of 6t? — 2t 
about its longitudinal axis. The magnetic field on the axis is 


Ho 3 42 Ho (543 _ 42 Ho = Ho _ 
a) on wet t“) b) = (2t? —t*) Cc) = (6t — 1) d) = (6t — 1) e) none 


Answers 

Subjective Questions 

Q1.B=40n,, M=80n 

Q2. B = 8.6 x 10~° T along +ve z-axis, M = 43 A/m7along +ve z-axis 
Q3.B =p,(t? + t?),M = 54n(t? + t?) 

Q4. B = 8.98262 x 107’ T along +ve z-axis, M = 168 A/m?along +ve z-axis 
QS. B = 2(4t? — 3t)kT 

Q6. B = —5.8273 x 105k T 

Q7. B = 3.8062k mT , M = 2026.5124k Am? 

gs. 2 =5 x 10° T/sec ,@™ = 5550k Am?/sec 

Multiple Choice Questions 


Ql. b) Q2. c) Q3. a) Q4. d) QS. a) Q6. c) Q7. d) Q8. a) 
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Note: The above contents are the part of the interior files of a full text book ‘Electro-Magnetism’ 
published with Notion Press in Feb, 2020. 
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